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Abstract 

Coherent states for general systems with discrete spectrum, such as the bound 
states of the hydrogen atom, are discussed. The states in question satisfy: (1) con- 
tinuity of labeling, (2) resolution of unity, (3) temporal stability, and (4) an action 
identity. This set of reasonable physical requirements uniquely specify coherent 
states for the (bound state portion of the) hydrogen atom. 

1 Introduction 

Coherent states for the harmonic oscillator have long been known and their prop- 
erties have frequently been taken as models for defining coherent states for other 
systems. Interest has long existed in coherent states for the hydrogen atom, at 
least for the bound state portion, and there have been a number of attempts in the 
past to define such states. We shall approach this problem by adopting four postu- 
lates. The first two are standard when dealing with coherent states, while the third 
and fourth are rather more physical in nature dealing with a specific Hamiltonian 
operator. 

The first two postulates are given by: 

(1) Continuity of labeling 

(2) Resolution of unity 

Indeed, these postulates are the minimal requirements generally accepted at 
present to characterize coherent states, [y The remaining two postulates refer to 
a specific Hamiltonian 7i > 0, which, in units where H = 1, we assume is non- 
degenerate and fulfills H \n) = E n \n) = ue n \n). For convenience we confine our 
attention to Hamiltonians with an infinite number of bound states, < n < oo. 
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We set linin^oo E n = E*; cases where E* < oo and where E* = oo are both of 
interest. Note that the e n are dimensionless numbers which satisfy the property 
that = eo < ei < e2 < • • • . 

The appropriate coherent states are defined by the expression 

oo 

I J, 7) = M(J)- 1 ]T( jn/2e ~ 4en7 /^) \n) , 

n=0 

for suitable J > and — oo < 7 < 00. The coefficients p n are chosen as the moments 
of a distribution p(J) > in the manner 

Pn = [ J n p(J) dJ , po = 1 . 
Jo 

Here M denotes a normalization constant chosen so that (J, j\J, 7) = 1, namely 
M(J) 2 = J2n°=o J n /Pn, and we denote by J* the radius of convergence for this 
series. Cases where J* < 00 and J* = 00 are both of interest. 
For the third postulate we choose 

(3) Temporal stability 

which means that the time evolution of a coherent state remains a coherent state 
for all time. In particular, for the case at hand, 

00 

e~ mt \J,l) = Y,( jn/2e ~ ien yVf^)e- ienUt \n) = \J,j + Ljt) . 

n=0 

We observe that the expressions J{t) = J and 7(t) = 7 + ojt are reminiscent of the 
time dependence of action-angle variables in classical mechanics. When expressed 
in canonical action-angle variables, the classical action functional becomes 

I = f[J(tyy(t)-uJ(t)] dt. 

Recall |l[ that the quantum action functional restricted just to coherent states, 
namely 

i = f[i(j(t) n (t)\(d/dt)\j(t) n (t)) -(J(t)n(t)\n\J(t)Mt))]dt , 

also expresses the classical action. Thus our fourth postulate is the 

(4) Action identity 

which ensures that J and 7 are action-angle variables, and requires that 

<J,7|W|J,7> =u;J = u;(Z n e n J n /p n )/(Z m J m /p m ) . 
To satisfy the action identity requires that 

Pn — C n 6 n _i6 n _2 • • • 61 . 
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For the harmonic oscillator, e n = n, p n = n\, E* = J* = oo, p(J) = e J , 
M(J) 2 = e J , and therefore 

oo 

ij, 7 ) = e - j/2 j2( jn/2e ' in v^-) \ n ) = \ z ) . 

n=0 

which is just a standard canonical coherent state with z = J 1 / 2 e~* 7 . In this case it 
suffices to choose — ir < 7 < tt. 

We conclude with a brief discussion of a one-dimensional hydrogen-atom analog 
with spectrum E n = Eq — oj/{n + l) 2 , i.e., e n = 1 — l/(n + l) 2 . It follows in this 
case that 

00 

I J, 7) = M(J)" 1 (2n + 2)/(n + 2) j»/2 e -t7[i-i/(«+i) 3 ]) | n ) , 

n=0 

Here 

M(J) 2 = [J(l - J)] -1 + J -2 ln(l - J) , < J < J* = 1 . 

For the system at hand these states satisfy the four cited postulates presented in 
this paper. 

In addition, for this example, it is noteworthy that 

(J, 7 |W 2 |J, 7 ) =lu 2 J 2 +uj 2 v(J) , 

where < v(J) < 6(1 — J). Thus as J — > 1, v(J) — * 0, indicative of a very narrow 
distribution. 

An earlier letter Q discussed the (bound state portion of the) hydrogen-atom 
coherent states along the lines of this note without, however, introducing the action 
identity. (Some other analyses of hydrogen-atom coherent states are referenced in 
that letter as well). 
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